Abstract. We present a hands on approach to Goodwillie calculus for enriched functors from finite pointed simplicial G-sets to symmetric G-spectra, for a finite group G. We extend a notion of G-linearity suggested by Blumberg to define stably excisive and ρ-analytic homotopy functors, as well as a G-differential, in this equivariant context. The main result is that analytic functors with trivial derivatives send highly connected G-maps to G-equivalences. It is analogous to the classical result of Goodwillie that "functors with zero derivative are locally constant". As main example we show that the real K-theory functor of Hesselholt and Madsen for a split square zero extension of rings with antistructures defines an analytic functor in the Z/2-equivariant setting. 
Introduction
In the classical calculus of functors of Goodwillie [Goo90] ,[Goo92] a continuous functor form based spaces to based spaces (or spectra) is linear if it sends homotopy pushout squares to homotopy pullback squares. Blumberg suggests in [Blu06] that a continuous functor F : G-Top * −→ G-Top * on the category of pointed topological spaces with the action of a compact Lie group G should be considered linear not only when it sends homotopy pushouts of G-spaces to homotopy pullbacks, but it should also satisfy an additional compatibility condition with equivariant Spanier-Whitehead duality. This extra Spanier-Whitehead duality condition was already present for finite groups in [Shi89, 1.4] in the context of Γ G -spaces.
In this paper we adapt Blumberg's definition to enriched homotopy functors F : G-S * −→ Sp Σ G from the category G-S * of finite pointed simplicial G-sets to symmetric G-spectra Sp Σ G , when G is a finite group. In 3.1 we define F to be G-linear if it sends homotopy pushouts to homotopy pullbacks, and if it satisfies the extra Spanier-Whitehead condition. In our context this condition is that for every finite G-set J the canonical map
is an equivalence of G-spectra. Here G acts on X and permutes the Jindexed components, both on the wedge and on the product. For sets J with trivial G-action this condition follows from the condition on squares, applied inductively to the homotopy cartesian square
However for a general G-set J this map cannot be constructed using cocartesian squares of G-spaces (cf. [Blu06, 3.9] ). We classify linear functors F : G-S * −→ Sp Σ G with values in connective G-spectra, by showing that they are all naturally G-equivalent to those of the form C ∧ (−) for some G-spectrum C (see 3.3). This suggests that the terminology "linear" is adequate.
In 4.1 we define stably G-linear functors by "truncating linearity" as in the classical functor calculus. We require that a homotopy pushout square is sent to a square that is a homotopy pullback up to a range depending on the connectivity of the initial maps of the square restricted to the fixed points of subgroups of G. Similarly we require the map F ( J X) −→ J F (X) to be roughly as connected as twice the connectivity of the fixed points of X. Every stably G-linear reduced functor induces a G-linear functor where ρ is the regular representation of G. The functor D * F is the differential of F at a point. The differential of F at any pointed finite simplicial G-set B is a functor D B F on the category of finite retractive simplicial G-sets, defined with a similar relative construction (see 4.4).
Higher stable G-excision is defined in 5.1 by a condition on strongly cocartesian cubes of higher dimensions, similar to the condition on squares for stable G-linearity, together with the same extra condition on the map F ( J X) −→ J F (X) (there is no obvious higher version for this map). A functor is G-analytic essentially if it is arbitrarily highly stably G-excisive.
The main result 5.3 states that if F : G-S * −→ Sp Σ G is a suitable G-analytic functor, it sends highly connected maps to G-equivalences.
Our example of a G-analytic functor is KR(A ⋉ M (−)), constructed in §6 from the real K-theory functor KR of Hesselholt-Madsen [HM13] , for the group G = Z/2. This is a Z/2-equivariant analogue of the classical (−1)-analytic functor K(A ⋉ M (−)) : S * −→ Sp Σ associated to a bimodule M over a ring A, extensively studied in [DM94] and [McC97] . Given a Wall antistructure (A, w, ǫ) and a bimodule M over it (see §6), the functor sends a G-simplicial set X to the homotopy fiber of the projection map in real K-theory
KR(A ⋉ M (−)) = hof(KR(A ⋉ M (X)) −→ KR(A))
where M (X) is the simplicial bimodule of reduced configurations of points of X with labels in M (see 7.1), and ⋉ denotes the semidirect product. The interest of applying calculus to this functor is in view of a Z/2-analogue for the Dundas-Goodwillie-McCarthy theorem of [McC97] . Theorem [Dot12, 5.2] shows that (when 2 ∈ A is invertible) there is a natural equivalence of symmetric Z/2-spectra 1 Conventions about symmetric G-spectra
We say that f is an H-equivalence if it induces an isomorphism in π K * for all K ≤ H.
A fiber sequence of symmetric G-spectra is a sequence of G-equivariant maps of symmetric G-spectra F −→ E f −→ W together with a G-equivalence F −→ hof(f ) over E. Similarly a cofiber sequence is a sequence of Gequivariant maps of symmetric G-spectra E f −→ W −→ C together with a G-equivalence under W from the homotopy cofiber hoc(f ) of f to C. Remark 1.3. The canonical map hof(f ) −→ Ω hoc(f ) induced by taking horizontal homotopy fibers in the square
is a G-equivalence (see e.g. [Sch13, 3.27] ). This shows that every fiber sequence is canonially a cofiber sequence, and vice versa. This has the consequence that every cocartesian square of G-maps in Sp Σ G is also homotopy cartesian, and the other way around.
Also categorical limits and colimits are degreewise, in particular products and coproducts. The inclusion of the coproduct into the product of symmetric G-spectra is a G-equivalence, essentially by 1.3 above. In our context of calculus it is going to be a key point to be able to consider coproducts and product indexed on finite sets with a non-trivial G-action.
Given a finite G-set J and E ∈ Sp / / ( J X) H ∼ = where Stab(j) = {h ∈ H|hj = j} is the stabilizer of j in H. The products on the right range over a set of representatives for classes in J/H. We choose the same set for the product of B and X. The map ι H factors as
The first vertical map is the canonical map, which is 2 Conn p H − 1 connected by the Blakers-Massey theorem [Goo92, 2.3], applied inductively to the pushout square of spaces (without action)
Notice that the fold map X H h ∨ B H X H −→ X H is at least as connected as p H : X H −→ B H . The second vertical map is induced on homotopy limits by the inclusion of the product in the first factors. Its homotopy fiber is equivalent to the homotopy limit
Let G be a finite group and B a finite pointed simplicial G-set. We denote G-S B the category enriched in G-Top * of finite retractive simplicial G-sets over B. An object of G-S B is a triple (X, p, s) of a finite simplicial G-set X, and an equivariant simplicial map p : X −→ B with an equivariant section s : B −→ X which is a G-cofibration. The morphism space from (X,
is the realization of the simplicial mapping space
of maps commuting both with projections and sections. G acts on the mapping space by conjugation.
It is a G-equivalence if it is ν-connected for every function ν.
Our objects of study are enriched functors
to the G-Top * -enriched category of symmetric G-spectra. The restriction to the zero simplicies gives for every subgroup H ≤ G a map of sets
H from H-equivariant simplicial maps to H-equivariant maps of symmetric G-spectra. In particular Φ sends H-equivariant homotopy equivalences to H-equivariant homotopy equivalences of symmetric G-spectra.
G is a homotopy functor if for every subgroup H ≤ G the image Φ(f ) of an H-equivariant map f : X −→ X ′ is an H -equivalence (that is induces isomorphisms on π K * for all K ≤ H). Example 2.2. A functor F from the category of finite pointed sets to the category of symmetric G-spectra and G-equivariant maps can canonically be extended to an enriched functor F : G-S * −→ Sp Σ G as follows. Given a simplicial set X, denote F (X k ) n the n-th space of the symmetric G-spectrum F (X k ). The simplicial structure on X induces a simplicial space structure on F (Xq) n by functoriality of F , that respects the Σ n and the G-action. Denote F (X) n its geometric realization. The structure maps of the spectra F (X k ) induce a canonical structure of symmetric G-spectrum on F (X) by
This defines the functor G-S * −→ Sp Σ G on objects. The components of the map
where the second map is the canonical map induced by the realization of simplicial maps, and the first map is the realization of the simplicial map
given in simplicial degree k by sending fq:
The resulting map
with the obvious maps from and to B. Notice that the coproduct X ∨ B Y is defined using the sections s X and s Y . Given a (X, p, s) and a finite simplicial pointed G-set K there is a G-equivariant assembly map
) defined as the adjoint of the composite
where the first map is adjoint to id (K×B)∧ B X . The smash product of a spectrum and a space is levelwise. Explicitly, the map sends k to the map that sends x to the element of the smash product determined by
Consider the particular case where K = S n = ∆[n]/∂ is the simplicial n-sphere with trivial G-action. The adjoint of the assembly map is the map
If Φ(B) = * there is another map of interest between the same spaces. Let C p = X ∧ B (B × I) be the mapping cylinder of the projection p : X −→ B. The square
where the second map is induced by the canonical G-contraction C p ≃ B of the mapping cylinder, by continuity of Φ. The right hand side is canonically G-homeomorphic to ΩΦ(X ∧ B (S 1 × B)) when Φ(B) = * . Iterating this construction we get a map
which is equal to the adjoint of the assembly map. Explicitly, they both send e ∈ Φ(X) n to the loop
where i z is the inclusion
is G-contractible, the same construction followed by the map induced by a contraction of Φ(B)
). This is only G-homotopic to the adjoint of the assembly A X S n (a contraction of Φ(B) gives a homotopy).
G-linear functors
We recall that a square in C = G-S B , Sp Σ G is a functor χ : P(2) −→ C, where P(2) is the poset category of subsets of the set 2 = {1, 2}. We say that χ is homotopy cocartesian if the canonical map
is a G-equivalence. Dually, χ is homotopy cartesian if the canonical map
The following definition is essentially due to Blumberg (for functors to G-spaces), see [Blu06, 3.3] .
G is a G-linear homotopy functor with value in G-connective spectra, the assembly map
is a G-equivalence for every K ∈ G-S * . In particular for X = S 0 × B this gives a G-equivalence
Proof. We prove the statement by induction on the skeleton of K. The base case is when K = J + is a finite pointed G-set. The assembly map factors through the G-equivalences
where the bottom map is a G-equivalence by 1.5. Suppose we proved the statement for the (n − 1)-skeleton of K and let us prove it for the n-skeleton. The inclusion of the (n − 1)-skeleton gives a cofiber sequence
for some finite G-set J, inducing a homotopy cocartesian square
in G-S B (the horizontal maps are cofibrations with the same cofibers). Since Φ is reduced and turns homotopy cocartesian squares into homotopy cartesian squares, we obtain a fiber sequence
This sequence receives an assembly map from the homotopy (co)fiber sequence of symmetric G-spectra
Looking at the long exact sequence in homotopy groups, it is enough by the induction hypothesis to prove that the assembly for a wedge of spheres S n ∧ J + is an equivalence. This map factors as
The bottom map J A is the product of the assembly maps for S n . This is an equivalence since it fits into the diagram
where the diagonal map is adjoint to the assembly map. It is a G-equivalence since it is G-homotopic to the map induced by the homotopy cocartesian diagram X
which is a G-equivalence by G-linearity (see the discussion at the end of §2).
Stably G-excisive functors and the G-differential
In this section we generalize to our equivariant context the notions of stable linearity and of differential of homotopy functors from [Goo90] and [Goo92] . We prove that the differential of a stably G-linear functor is G-linear, and we compute the connectivity of the G-linear approximation map. We recall that a square χ :
of symmetric G-spectra is ν-connected (cf. 1.2). Given a square χ : P(2) −→ G-S B we denote e i : χ ∅ −→ χ {i} the initial maps, for i = 1, 2.
Given a finite G-set J and a split G-map p : E −→ B in Sp Σ we recall from §1 that h B J E is defined as the homotopy pullback
G be a homotopy functor, and let c, κ, v : {H ≤ G} −→ Q be functions invariant on conjugacy classes. 1 ) We say that Φ satisfies E G 1 (c, κ) if it sends homotopy cocartesian squares χ : P(2) −→ G-S B with κ(H) ≤ Conn e H i to ν-homotopy cartesian squares, where
2 ) We say that Φ satisfies W (v, κ) if for every finite G-set J and (X, p, s) ∈ G-S B with κ(H) ≤ Conn p H , the canonical map
is ϑ-connected, for a function
We say that Φ is stably G-excisive if it satisfies E G 1 (c, κ) and W (v, κ) for some functions c, κ, v. We call v the additivity function for Φ. We say that Φ is stably G-linear if it is stably G-excisive and Φ(B) is G-contractible.
The difference in the constant comes form the fact that in Goodwillie's definition c appears outside the sum. Here we need to bring it inside since we want it to vary with the subgroups of H. That is why we allow c to be rational.
2 ) For the trivial group, the condition W (v, κ) follows from E {1} 1 (c, κ) (with v = 2c). For |J| = 2, it is E {1} 1 (c, κ) applied to the homotopy cocartesian square
and for a general J by induction. Therefore stable G-excisiveness for the trivial group corresponds to the classical notion of [Goo90] , [Goo92] .
for a G-space X of lemma 1.6. Indeed, adapting the definition from symmetric G-spectra to G-spaces, the forgetful functor G-S B −→ G-S * is stably G-excisive. The first condition is precisely the Blakers-Massey theorem (cf. [Goo92, 2.3]) applied on fixed points, and the second condition is lemma 1.6.
Given a homotopy functor
where p is seen as a morphism
Proof. It is immediate to see that
is the map of homotopy fibers
The middle map is v-connected by W (v, κ) for Φ, and therefore so is the map on homotopy fibers.
If I is a finite G-set we denote S R[I] the I-fold smash product of simplicial circles
with G acting by permuting the smash components. This is our simplicial model for one point compactification of the representation spanned by I. We denote its suspension by
When I is the disjoint union of n copies I = G · · · G of G with diagonal action by left multiplication in G we write
with structure maps adjoint to the assembly map
Proposition 4.5. The differential of a stably G-excisive functor is G-linear.
Proof. By the 4.3 above we can assume Φ reduced. DΦ is obviously a reduced homotopy functor. Let χ be a homotopy cocartesian square in G-S B with initial maps e i : χ ∅ −→ χ i for i = 0, 1. Notice that if e i is k i -connected, the connectivity of the relative suspension S V B e i at a subgroup H ≤ G is
Moreover the fixed points of the sphere S V for the regular representation
which is (n · |G/H| − 1)-connected. Thus one can choose n big enough so that the connectivity of the initial maps of S nρ B χ satisfies
where c(H) := max K≤H c(K). The n-th stage of the homotopy colimit defining DΦ(χ) is then
cartesian. This becomes arbitrarily big with n, and therefore DΦ(χ) is homotopy cartesian. By a similar argument as before, we can take n large enough so that the map
is then
Since homotopy colimits preserve connectivity, the map
Definition 4.6. Let Φ : G-S B −→ Sp Σ G be a homotopy functor. We say that Φ preserves connectivity above a function κ :
G be a reduced homotopy functor with values in G-connective spectra, and suppose that it satisfies E G 1 (c, 0) and W (v, 0). Then F automatically preserves connectivity (above 0). Indeed, we prove in the appendix 7.3 that the assembly map
Moreover if E is a G-connective spectrum and X belongs to G-S *
This can be proved by induction on the skeleton of X, with a very similar argument to 7.3. Combining these two statement we obtain that the connectivity of F (X) is at least
We remind that a Dedekind group is a group in which every subgroup is normal.
Remark 4.9. 1 ) We are in fact going to prove the stronger statement that the map
connected in π H * for every n big enough. The estimate of the proposition is obtained by using once more that Φ preserves connectivity. In the proof of 5.3 is going to be a key point to have this more refined estimate.
2 ) In the case where Φ is G-linear, one would expect the map Φ −→ DΦ to be an equivalence. However the connectivity range of 4.8 is finite even for G-linear functors. If Φ : G-S B −→ Sp Σ G is G-linear with values in Gconnective spectra (cf. 1.2), the map Φ −→ DΦ is a G-equivalence by 3.3, since for all n there is a commutative diagram of G-equivalences
The diagonal map is an equivalence by the G-suspension theorem. There is no proof known to the author for a G-linear functor that takes values in possibly non G-connective spectra. A similar statement for G-linear functors to G-spaces instead of spectra, is proved in [Blu06, 3.5] and [Shi89, 1.4] using different methods.
3 ) The hypothesis of G being a Dedekind group is needed in order to be able to evaluate Φ at B × Y /Y H for a finite pointed simplicial G-set Y . This is not a G-space unless H is normal in G. I believe this assumption can be removed by slightly modifying the setup so that we can evaluate Φ at a space with H-action (we already know how to evaluate Φ on an H-map after all). However, we are going to avoid this complication since our main example is for G = Z/2.
) If
Φ has values in G-connective spectra there is another estimate for the connectivity of Φ −→ DΦ that does not use that G is Dedekind, and that does not require Φ to preserve connectivity. However the range is going to involve the additivity function v. The proof is by induction on G-skeleta similar to 3.3 and it is given in the appendix 7.4.
Proof of 4.8. We study the H-connectivity of
where both ι and res are induced by the inclusion S n|G/H| −→ S nρ of the fixed points. The H-connectivity of the left vertical map is 2 min
The right vertical map fits into a fiber sequence
of symmetric G-spectra (mapping spaces are taken levelwise). Thus the H-connectivity of the restriction map res is at least
Since Φ preserves connectivity, the term K = H in the expression above is bigger than
for some function λ. This can be made arbitrarily big with n, and therefore we can choose n big enough so that the map res is at least
Let us finally compute the connectivity of ι. The cofiber of the inclusion S n|G/H| −→ S nρ is (G-equivalent to) S nρ /S n|G/H| . The homotopy cocartesian square
induces a fiber sequence
up to a range
Looping the sequence down by Ω n|G/H| we get a fiber sequence up to a range
which can be made arbitrarily big with n. Therefore we can choose n big enough so that the H-connectivity of ι is the H-connectivity of the symmetric G-spectrum Ω n|G/H| Φ(X ∧ B (S nρ /S n|G/H| × B)). Since Φ preserves connectivity this is at least
that becomes arbitrarily big with n. Thus ι can be made arbitrarily highly connected with the choice of n and does not contribute to the connectivity of Φ(X) −→ DΦ(X).
We end the section by discussing differentials for non-relative functors. Let F : G-S * −→ Sp Σ G be a homotopy functor, and B ∈ G-S * a pointed simplicial G-set. Let F B : G-S B −→ Sp Σ G be the homotopy functor defined by
on objects, and by sending a morphism f : (X, p X , s X ) −→ (Y, p Y , s Y ) to the map induced on homotopy fibers
Definition 4.11. We say that F : G-S * −→ Sp Σ G is relatively additive if for every B ∈ G-S * there is a function v B : {H ≤ G} −→ N such that for every (X, p, s) ∈ G-S B the canonical map 
with the right vertical map a G-equivalence by G-linearity. The right bottom map is
whose homotopy fiber is indeed
Proposition 4.13. Suppose that F : G-S * −→ Sp Σ G is a stably G-linear and relatively additive homotopy functor. Then the functor
Proof. It is immediate from 4.3, since the relative additivity condition is precisely W (v, κ) for
where U is the forgetful functor. Then notice that by definition F B = F • U .
Recall from 4.7 that a reduced stably G-linear homotopy functor with values in G-connective spectra F : G-S * −→ Sp Proof. Notice that for all (X, p, s) ∈ G-S B there is a natural G-equivalence
where all rows and columns are fiber sequences, and the top left vertical map must be a G-equivalence. Thus we can show that ( F * ) B preserves connectivity above κ instead. Given an (X, p, s) ∈ G-S B with κ(H) ≤ Conn p H the sequence
is a fiber sequence up to a range
by E G 1 (c, κ). Since F * preserves connectivity there is a function λ such that
for c(H) = max K≤H c(K).
G-analytic functors
In this section we define a notion of analytic functors for our equivariant setting, corresponding to the classical notion of analytic functors of Goodwillie [Goo92]. We prove that G-analytic functors with trivial differentials (in fact derivatives) send highly connected maps to G-equivalences. This is the equivariant analogous of [Goo92, 5.4]: "functors with trivial derivative are locally constant". We remind the reader that an n-cube in C = G-S B , Sp Σ G is a functor χ : P(n) −→ C, where n = {1, . . . , n} is the set with n-elements. We say that χ is strongly homotopy cocartesian if any of its 2-dimensional faces is a homotopy cocartesian square. We say that χ is ν-homotopy cartesian for a function ν : {H ≤ G} −→ N if the canonical map
We denote e i : χ ∅ −→ χ {i} the initial maps of χ, for all i ∈ n.
Definition 5.1. Let Φ : G-S B −→ Sp Σ G be a homotopy functor, and let κ, c : {H ≤ G} −→ Q be functions invariant on conjugacy classes.
1)
We say that Φ satisfies E G n (c, κ) if it sends strongly homotopy cocartesian (n + 1)-cubes χ : P(n + 1) −→ Sp Σ G with κ(H) ≤ Conn e H i to ν-homotopy cartesian cubes, for
Remark 5.2. Let us point out the difference in the choice of constants from the classical definition of ρ-analytic functors of [Goo92] in the case of the trivial group G = {1}. Functors that are {1}-ρ-analytic in our sense are precisely the classical ρ-analytic, but the constant q differs. Indeed
We also remind that E Then for every split map f : X −→ B of finite pointed simplicial G-sets with ρ(H) + 1 ≤ Conn f H the induced map
is a G-equivalence. The previous theorem to the projection map X −→ * immediately implies the following.
Corollary 5.5. Suppose that F : G-S * −→ Sp Σ G satisfies the conditions of 5.1, and that it is reduced. Then it sends every finite pointed simplicial G-set X with ρ(H) ≤ Conn X H to a weakly G-contractible space.
Proof of 5.1. In lemma 5.6 below we prove by induction that D B F (X) is in fact weakly G-contractible for all (X, p, s) ∈ G-S B . We generalize Goodwillie's proof of [Goo92, 5.4] to our equivariant setting.
We prove the following statement I(L) by induction on the size of the subgroups L ≤ G.
I(L)
The statement I(G) contains in particular our theorem. The base induction step I({1}) is essentially the proof of theorem [Goo92, 5.4]. One needs to make sure that all the constructions of [Goo92] carry a G-action, but the final statement is about a {1}-equivalence (the induction step below also goes through the proof of [Goo92] once more). Now assume by induction that we proved I(K) for every subgroup K ≤ G with |K| ≤ l, and let L ≤ G be a subgroup with l + 1 elements. We need to improve the value of r at L in the condition E G n (ρ − r n+1 , ρ + 1). We do it inductively by proving that if F satisfies E G n (ρ − r n+1 , ρ + 1) for all n ≥ 1 and a function r with r(H) = ∞ on groups H L, then it satisfies E G n (ρ − r ′ n+1 , ρ + 1) for all n ≥ 1 with
Let χ : P(n + 1) −→ G-S * be a strongly cocartesian (n + 1)-cube with initial maps e i satisfying ρ(H) + 1 ≤ Conn e H i . Since F is enriched we can assume that all the e i 's are G-cofibrations. We need to show that the cube
Conn e
L i
Define a strongly cocartesian (n + 2)-cube Z : P(n + 2) −→ G-S * with initial maps (e 1 , e 1 , e 2 , . . . , e n+1 ) by taking iterated pushouts along e 1 . The cube Z defines a map of (n + 1)-cubes Z : χ −→ χ in the direction of the repeated map e 1 . By [Goo92, 1.6 i)] the cube F (χ) is c-cartesian if both F (Z) and F (χ) are. By assumption F satisfies E G n+1 (ρ − r n+2 , ρ + 1), and therefore
where the first inequality holds since Conn e L 1 ≥ ρ(L) + 1. Therefore it is enough to show that F (χ) is is c-cartesian. Since χ is defined from χ by iterating pushouts, its initial maps e i are G-cofibrations and satisfy
Moreover e 1 has a canonical G-equivariant retraction e (1) 1 . Since the splitting is natural, the whole map of n-cubes defined by e 1 has a retraction e 1 . Proposition 4.9 for the functor F B gives an estimate of the L-connectivity of the homotopy fiber of F (e (1) 1 ). Indeed, using that D F B is weakly G-contractible, we find that F (e
1 )−k|G/K|} connected, for a choice of k big enough. We remind that r(H) = ∞ for H L. By hypothesis of induction the map F (S kρ B e
(1)
1 ) is K-contractible. In particular the second term of the minimum above is infinite, and we find that F (e
is then pointwise ν (1) -connected, and in particular (ν (1) − n)-cartesian. Iterating this construction we obtain (n + 1)-cubes
This can be made bigger than c(H) + m by choosing m big enough, and therefore F (χ) is c-cartesian. This terminates the first part of the proof of I(L). It remains to show that F (f ) is a L-equivalence for a map f as in the statement. Since F satisfies E G 1 (ρ − r 2 , ρ + 1) for r infinite on all subgroups H ≤ L, and since D F B is weakly G-contractible, we find from 4.9 that Proof. We prove inductively on the relative G-skeleton of the pair (X, B) that D B F (X) = D F B (X) is weakly G-contractible for all (X, p, s) ∈ G-S B . We recall that D F B is G-linear since F is stably G-linear and satisfies the relative additivity condition (see 4.13).
By hypothesis
is a G-equivalence by G-linearity of D F B , with weakly G-contractible target. Therefore D F B (B ∨ (S n ∧ J + )) is also weakly G-contractible. The zero step of the induction is for X = B ∨ J + for a finite G-set J. By G-linearity the map
is a G-equivalence with weakly G-contractible target. Now suppose by induction that the image of the n-skeleton is weakly G-contractible. By G-linearity of D F B the sequence
induced by the homotopy cocartesian square
is a fiber sequence with first and last terms weakly G-contractible.
Remark 5.7. In the classical theory one needs to require F to satisfy the "limit axiom", in order to carry out the induction argument of the lemma above. Proving this axiom for explicit examples usually requires a considerable amount of work, see e.g. [McC97, §2] . Here we do not need to worry about this condition, since in our set up we are only considering finite simplicial sets.
Real algebraic K-theory
We construct a certain class of Z/2-analytic functors from the category Z/2-S * of finite pointed simplicial Z/2-sets to the category Sp Σ Z/2 of symmetric Z/2-spectra. As a special case of this construction we obtain a model for the reduced real K-theory of [HM13] for a split square zero extension of rings with antistructures (or more in general of exact categories with duality), as defined in [Dot12] . This is a Z/2-equivariant version for the classical functor K(A ⋉ M (−)) : S * −→ Sp Σ associated to a bimodule M over a ring A, extensively studied in [DM94] and [McC97] . It sends a simplicial set X to the homotopy fiber of the projection map in algebraic K-theory
where M (X) is the simplicial bimodule of reduced configurations of points of X with labels in M (see 7.1), and ⋉ denotes the semidirect product.
We recall that ∆R is the category with objects the natural numbers N, and with morphisms generated by the order preserving maps, and the maps
Here we denoted [n] = {0, . . . , n}. A pointed real n-simplicial set is a functor (∆R op ) n −→ Set * . This is the same as a pointed n-simplicial set with levelwise involutions w that "reverse the order of the structure maps". If Z is a real simplicial set, the geometric realization of the underlying simplicial set has a Z/2-action defined at the generator by |Z| −→ |Z|
The realization of a real n-simplicial set Z : (∆R op ) n −→ Set * is defined as the realization of the diagonal real simplicial set
with the induced Z/2-action. We recall that a n-simplicial set Z is 1-reduced if Z p = * whenever at least one of the components of p = (p 1 , . . . , p n ) satisfies p i ≤ 1. Definition 6.1. A real S-construction is a collection of 1-reduced pointed real n-simplicial sets S (n) : (∆R op ) n −→ Set * , one for every integer n ≥ 0, together with
• An isomorphism of real n-simplicial sets χ * : S (n) −→ S (n) • χ for every permutation χ ∈ Σ n , where χ : (∆R) n −→ (∆R) n denotes the automorphism that permutes the components. For all χ, ξ ∈ Σ n we require the diagram
to be commutative.
• Maps of real n-simplicial sets
We require that for all (χ, ξ) ∈ Σ n × Σ m the diagram
We recall that the simplex category of an n-simplicial set Z is the category Simp(Z) with objects
If Z is a real n-simplicial set the category Simp(Z) of the underlying n-simplicial set inherits an involution that sends (z, p) to (w(z), p) and
where ω is the involution on r = [r 1 ] × · · · × [r n ] defined as the product of the involutions ω(i) = r j − i.
Definition 6.2. A bimodule over an S-construction is a family of abelian group valued functors N : Simp(S (n) ) op −→ Ab for every n ≥ 0, with N * = 0 at the basepoint * ∈ S (n) p , together with:
• Natural transformations w : N ⇒ N • w op , where w is the involution on Simp(S (n) ) induced by the real structure of S (n) . These have to satisfy w 2 = id : N ⇒ N • w 2 = N .
• Natural transformations χ * : N ⇒ N • χ op where χ is the automorphism of Simp(S (n) ) induced by χ * above. For every χ, ξ ∈ Σ n we require the diagram
• These permutations are compatible with κ :
Given a bimodule over a real S-construction (S, N ) we define a symmetric Z/2-spectrum KR(S; N ) as follows. Define a real n-simplicial set KR(S; N ) (n) in degree p by
The simplicial structure map associated to σ : p −→ q is the wedge of the maps σ * : N s −→ N σ * s given by functoriality of N . The real structure is given by the wedge of the maps w : N s −→ N ws . Define the n-th space of the spectrum KR(S; N ) as the realization of the diagonal real space d( KR(S; N ) (n) ). Notice that there is a canonical Z/2-equivariant homeomorphism
where the equivalence relation is the same as for the classical realization of an n-simplicial set, and the Z/2-action on the right hand side is diagonal, acting on ∆ p by reversing the order of the simplex coordinates. The Σ n -action on KR(S; N ) n is defined at a permutation χ as the composite
where the map χ : KR(S; N ) (n) −→ KR(S; N ) (n) • χ is the wedge of the natural maps χ * : N s −→ N χ(s) . Let ∆ 2,1 denote the topological 2-simplex ∆ 2 with the Z/2-action that reverses the order of the coordinates. There is a canonical homeomorphism between S 2,1 = ∆ 2,1 /∂ and the regular representation sphere S ρ of Z/2. The structure maps of the spectrum are induced by the composite
where the bottom right vertical map is the inclusion of the p-component into the q = (p, 2 . . . , 2)-component. By assumption KR(S; N ) (n) is 1-reduced, and therefore this map descends to a map
Definition 6.3. The Σ n × Z/2-spaces KR(S; N ) n together with the maps σ n,m define a symmetric Z/2-spectrum, called the real K-theory spectrum of (S, N ).
Given a bimodule over a real S-construction (S, N ) and a pointed set X one can replace the functor N : Simp(S (n) ) op −→ Ab with the functor 1) It is a reduced homotopy functor,
3) it is relatively additive (cf. 4.11), 4) it preserves connectivity (cf. 4.6).
The 0 in the analyticity above is the constant function {{1}, Z/2} −→ N with value zero. This theorem relies on the following properties of the functor N (−) : Z/2-S * −→ Z/2-Top * for an abelian group N with linear Z/2 action. It sends a based finite simplicial Z/2-set to the realization of the based simplicial Z/2-set with nsimplicies N (X) n = N (X n ) = x∈Xn N x/N * and with the structure maps of X linearly extended. The Z/2 action is both on N and X. Define a functor to F : G-S * −→ G-Top * to be G-linear if it satisfies the corresponding properties for G-spaces of definition 3.1. That is, if it sends cocartesian squares to cartesian squares, and if the canonical map
is a G-equivalence for every finite G-set J.
Proposition 6.5. The functor N (−) : Z/2-S * −→ Z/2-Top * is a Z/2-linear homotopy functor. Moreover it preserves connectivity, in the sense that there is a componentwise inequality
The proof is given in the appendix 7.1.
Proof of 6.4. KR(S; N (−)) is clearly reduced. Since N (−) is a homotopy functor, KR(S; N (−)) sends Z/2-equivalences to levelwise Z/2-equivalences of spectra, and it is therefore a homotopy functor. Let us see that KR(S; N (−)) satisfies E Z/2 k (0, −1). Let χ : P(k + 1) −→ Z/2-S * be any strongly cocartesian (k + 1)-cube, and let us show that
We adapt McCarthy argument from [McC97] . For every fixed n there is a natural homeomorphism
Z/2 | Notice that if s ∈ (sd e S (n) ) Z/2 then the natural map w : N ⇒ N • w defines indeed an involution on N s . By the previous proposition the squares N s (χ) Z/2 are strongly cartesian, with final maps N (f j : χ k+1\{j} −→ χ k+1 ) Z/2 having connectivity at least
The second inequality comes from the fact that χ is strongly cocartesian, and the first one because N (−) preserves connectivity (cf. 4.14). By the Blakers-Massey theorem (for spaces) the cube N s (χ) Z/2 is
cocartesian. Since wedge and cofibers commute, the cofiber (C
is c 2 -connected for every p ∈ N n . Since S (n) is n-reduced, the subdivision (sd e S (n) ) Z/2 is 0-reduced in each one of the n simplicial direction. Therefore so is (C (n) ) Z/2 , and its realization is (c 2 + n)-connected. Since cofiber and realization commute, there is a cofiber sequence of spaces
with |(C (n) ) Z/2 | having connectivity c 2 + n. This shows that the cofiber C of the map of spectra
is levelwise (c 2 + n)-connected on fixed points. A similar argument (cf. [McC97] ) shows that it is non-equivariantly levelwise (c 1 + 2n)-connected, where
Conn e j Therefore the Z/2-spectrum C is
connected. Since the homotopy fiber of a map of spectra is the loop of the cofiber, the map above is (
Let us show that KR(S; N (−)) is relatively additive. Given a based simplicial Z/2-set B, a retractive Z/2-space X ∈ Z/2-S B and a finite set J with involution, we need to estimate the connectivity of
In spectrum level n and simplicial degree p this map fits into the commutative diagram
The left vertical maps is an equivalence, since N (−) is Z/2-linear (cf. 4.12). The right vertical map is a Z/2-equivalence of symmetric Z/2-spectra by 1.5, since KR(S, N (−)) takes values in Z/2-connective spectra. Therefore the connectivity we are after is given by the left bottom map. The calculation of 1.6 expresses this connectivity in terms of the connectivity of the map N (p) : N (X) −→ N (B). By linearity of N (−) its splitting N (s) fits into a fiber sequence N (B) −→ N (X) −→ N (X/B), and therefore
connected. Arguing like before, the fact that (S; N ) is 1-reduced shows that the connectivity of our map in spectrum degree n is ν +(2n, n), and therefore ν-connected on the homotopy colimit. It remains to show that KR(S; N (−)) preserves connectivity. Notice that KR(S; N (−)) takes values in G-connective spectra, since by assumption S ans N are reduced. By 4.7 it automatically preserve connectivity. It is also possible to give a direct proof, using that N (−) preserves connectivity.
We end this section by discussing how the construction KR(S; N ) is related to the classical notion of real K-theory of [HM13] . This is meant to be a crash introduction to real K-theory of split extensions, and we leave the details to [HM13] and [Dot12] .
Let C be an exact category. A duality on C is an exact functor D : C op −→ C satisfying D 2 = id. In 
There is a canonical extension of M to a n-simplicial bimodule 
and a duality J p : M p (s, s) −→ M p (Ds, Ds). There are similar transformations χ * : N −→ N • χ defined by permuting the entries of the functors, making N into a bimodule over S(C). One can therefore consider the real K-theory of (S(C), N ) induced from an exact category with duality C and a bimodule with duality M over C. This construction specifies to the following important example, describing the real K-theory of a split square zero extension of antistructures. We recall that a Wall antistructure is a ring A together with a unit ǫ ∈ A × and a ring map w : A op −→ A such that w 2 is conjugation by ǫ. Let A s be the right A-module with the same underlying abelian group as A, and with module structure b · a := w(a)ǫ · b. Given a right A-module P , the abelian group of module maps hom A (P, A s ) has a right module structure defined by (λ · a)(p) = λ(p) · a. This gives rise to a functor on the category of finitely generated projective modules
The functor D can be made into a strict duality by formally replacing P A with an equivalent category DP A with objects pairs of modules with an isomorphism between the second module and the dual of the first one
One has to be slightly careful with the direction of the arrows when defining morphisms. The functor DP op A −→ DP A that sends (P, Q, φ) to (Q, P, D(φ)• η P ) is a duality on C = DP A . In [HM13] the authors define the real K-theory of (A, ǫ, w) as the spectrum given in degree n by the realization of the real (n + 1)-simplicial set
for all a ∈ A. This defines a Wall antistructure (A ⋉ M, w ⊕ h, (ǫ, 0)), where the ring A ⋉ M has underlying abelian group A ⊕ M and multiplication
One of the main results of [Dot12] is a description of the homotopy fiber
in terms of the real K-theory spectrum of a real S-construction with bimodule KR(S; N ), where S is the real S-construction S (n)
and N is a bimodule induced from M as follows.
Let DM : (DP A ) op ⊗ DP A −→ Ab be the bimodule over DP A defined by
The map h : M −→ M induces a duality J : DM ⇒ DM • D γ defined at a pair of objects ϕ = (P, Q, φ), ϕ ′ = (P ′ , Q ′ , φ ′ ) ∈ DP A by the composite
Here M s is the right A-module on M given by m · a := w(a)ǫ · m, the bottom horizontal map is induced by the canonical isomorphism hom A (P, A s ) ⊗ A M −→ hom A (P, M s ), and the map J sends f to
This defines a real S-construction with bimodule
q DP A , DM ) by the construction above, with associated real K-theory spectrum. Theorem [Dot12, 2.3.2] describes an equivalence of symmetric Z/2-spectra
Here S 1,1 is the subdivision of the simplicial circle with levelwise involution that sends
A finite pointed set X induces an antistructure
where h(X) is the map h : M −→ M applies diagonally on M (X). Then [Dot12, 2.3.2] combined with 6.4 tells us about the Z/2-analytical properties of the functor
defined degreewise as in 2.2.
Proof. By [Dot12, 2.3.2] it is enough to show that
is Z/2-ρ-analytic. This is a functor of the form KR(S; N (−)) precomposed with (−) ∧ S 1,1 : Z/2-S * −→ Z/2-S * By 6.4 we know that given a strongly cocartesian (n + 1)-cube in Z/2-S * with initial maps e i , its image under the composite functor is ν = (ν 1 , ν 2 )-cartesian, for
i } This shows that our functor satisfies E Z/2 (ρ, 0), and it is therefore Z/2-ρ-analytic (with function q = 0).
Remark 6.7. In the construction above one can replace wedges by direct sums, and get a symmetric Z/2-spectrum
q ) (n) DP A and N induced from a bimodule over (A, w, ǫ) as before, this construction is a toy model for the real topological Hochschild homology spectrum of (A, w, ǫ) with coefficients in (M, h), at least when 2 is invertible (see [Dot12, §4.12] ). This gives a functor THR(S; N (−)) : Z/2-S * −→ Sp is 0-analytic with D * F (X) weakly G-contractible. It is however not true that D B F (B ∨ S 0 ) is weakly G-contractible for a general B ∈ Z/2-S * (cf. 5.3). In a later paper we will replace THR with a real version of topological cyclic homology TCR, and show that the homotopy fiber of a real trace map KR −→ TCR has trivial derivative at all base space B ∈ Z/2-S * . We will use 5.3 to show that the reduced real trace map KR −→ TCR is a Z/2-equivalence for certain split square zero extensions of rings with antistructure. This is a Z/2-equivariant version of the Dundas-GoodwillieMcCarthy theorem of [McC97] .
Appendix

Equivariant Eilenberg MacLane spaces
Let G be a finite group, and N be a simplicial Z[G]-module. Define a functor
by sending a based simplicial G-set to the realization of the based bisimplicial G-set with horizontal n-simplicies
and with the structure maps of X linearly extended. G acts both on N and X, by conjugation.
Proposition 7.1. The functor N (−) : G-S * −→ G-Top * is a G-linear reduced homotopy functor. Moreover it preserves G-connectivity, in the sense that
Homotopy functor. We use a topological model for this functor, when N is a discrete
where ∼ is an equivalence relation that collapses the basepoint and identifies labels. The space N (Y ) has the quotient topology and G-action induced by diagonal action on the components of N n and Y n . Notice that N (−) defines a continuous functor from G-CW-complex to G-spaces, and therefore it preserves H-homotopy equivalences. If X is a simplicial set, the canonical map
is a natural G-homeomorphism. If f : X −→ Y is a weak H-equivalence of simplicial pointed G-sets, the induced map |X| −→ |Y | is a weak Hequivalence of G-CW-complexes, hence a H-homotopy equivalence. By continuity of the functor N , the map N (X) ∼ = N (|X|) −→ N (|Y |) ∼ = N (Y ) is an H-homotopy equivalence. Now let N be a Z[G]-module, and f : X −→ Y is a weak H-equivalence of simplicial pointed G-sets. The argument above shows that in every simplicial degree k the map of simplicial G-sets
is an H-homotopy equivalence. Therefore its realization N (X) −→ N (Y ) is a weak H-equivalence. Connectivity. Fix a subgroup H ≤ G and define c H := min K≤H Conn X K . Suppose first that X is a c H -reduced. Then N (X) is also c H -reduced. Therefore so is N (X) H , and in particular N (X) H is c H -connected. Now every pointed simplicial G-set X is H-equivalent to a c H -reduced pointed simplicial G-set Y . Indeed, non-equivariantly one can collapse simplicies up to the connectivity of X without changing the weak homotopy type of X. The same construction gives a pointed simplicial G-set that has the same H-homotopy type of X if one collapses simplicies up to the c H -th simplicial degree.
Lemma 7.2. Given a simplicial G-subset X ⊂ Y in G-S * , the sequence
is a fiber sequence of G-spaces.
Proof. The H-fixed points of the sequence above is given at every fixed simplicial degree n by the projection are fiber sequences by the proposition above, and the map c induced by the map between cofibers is a G-equivalence. Therefore the homotopy fibers of N (f 1 ) and N (f 1 ) fit into a fiber sequence hof N (f 2 ) −→ hof N (f 2 ) −→ hof(c) ≃ * with hof(c) a weakly G-contractible space. Given a pointed simplicial G-set X and a finite G-set J, the canonical map N (
is a G-homeomorphism.
The connectivity of the assembly map
We compute the connectivity of the assembly map of a stably G-linear homotopy functor with values in the full subcategory Sp As a direct corollary we obtain another range for the connectivity of the linear approximation map (cf. 4.8). 
The rest of the section contains the proof 7.3. It is structured like the proof of 3.3 for the G-linear case, but being careful with the connectivity ranges.
Lemma 7.5. Let J be a finite G-set. Under the same conditions of 7.3, the assembly map Φ(X) ∧ |S n ∧ J + | −→ Φ(X ∧ B ((S n ∧ J + ) × B)) is ν-connected for ν(H) = −w(H) + min{2 Conn p H , min
connected by the previous lemma. The left vertical map is c n -connected by the induction hypothesis, and c n+1 ≤ c n by assumption. A five lemma argument on the long exact sequence in π H * induced by the two fiber sequences shows that the middle vertical map is also c n+1 -connected.
• Finally suppose that c n < c n+1 . This means that
and therefore that there is a subgroup L ≤ H for which
, that is each Y K is an n-connected (n + 1)-dimensional simplicial set. Therefore Y is H-equivalent to a wedge of spheres J S n+1 for some finite G-set J (a set of generators for π n+1 Y ). The connectivity of the assembly map is therefore given by 7.5.
